
R E L A X A T I O N  O F  A L I Q U I D  

O F  C A P I L L A R Y  F O R C E S  

O.  V. V o i n o v  

L A Y E R  U N D E R  T H E  A C T I O N  

The theo ry  of c r e e p i n g  mot ion  is used  to s tudy the r e l a x a t i o n  of an inf in i te  v i scous  fluid l a y -  
e r  (membrane )  of n o n u n i f o r m  th i ckness .  The p ropaga t ion  of b o u n d a r y  p e r t u r b a t i o n s  in a 
s e m i - i n f i n i t e  l aye r  unde r  the act ion of s u r f a c e - t e n s i o n  fo rce s  is a lso  cons ide red .  The l a ye r  
has at l eas t  one c o m m o n  b o u n d a r y  with a gas.  It is found that  r e l a x a t i o n  p r o c e s s e s  of an i n -  
f in i te  l a y e r  or  the p ropaga t i on  of bounda ry  p e r t u r b a t i o n s  ins ide  a bounded l a ye r  a re  n o n -  
mono ton ic ,  and that  w a v e - l i k e  s u r f a c e  p e r t u r b a t i o n s  a lways a r i s e .  Re laxa t ion  t i m e s  a re  d e -  
t e r m i n e d .  M a x i m u m  d i s t a n c e s  a re  found over  which s e p a r a t e  r e g i o n s  of the l aye r  can affect 
each o ther .  

1. F u n d a m e n t a l  Equa t ions .  I t  is a s s u m e d  that  the t h i c kne s s  h of the v i s c ous  f luid l a ye r  v a r i e s  over  
d i s t a n c e s  1 such  that  1 >> h, i .e . ,  dh /dx  << 1 (x is the coo rd ina t e  in the d i r e c t i o n  of the layer ) .  We know [1] 
that the equa t ions  of hyd rodynamic  l u b r i c a t i o n  t heo ry  a r e  va l id  when the r e duc e d  ReynoldsVnumber  R* << 1 
(R* = vh2//v;  v is the ve loc i ty  along the layer ) .  F o r  s m a l l  w a v e - l i k e  p e r t u r b a t i o n s ,  when the v a r i a t i o n  of 
t h i c k n e s s  Ah << h, th is  condi t ion  is insuf f ic ien t ,  s ince  the n o n s t e a d y - s t a t e  t e r m  in the Nav ie r -S tokes  
equa t ion  can  be l a rge .  We mus t  t h e r e f o r e  take the m o r e  g e n e r a l  condi t ion  h 2 << y~-, where  ~- is the c h a r -  
a c t e r i s t i c  t i m e  for v a r i a t i o n  of the l aye r  t h i cknes s .  

The equa t ions  of mot ion  and c o n s e r v a t i o n  of m a s s  have the f o r m  [2] 

h 
Op O~v O ! Oh (1.1) 
az - - P g + V T y ~ ,  ~~  v d g - - k y i - = O .  

0 

Here  y is the coo rd ina t e  a c r o s s  the l ayer ;  y = 0, y = h a re  the c oo r d i na t e s  of the s u r f a c e s  bounding  
the layer ;  g is the m a s s  force .  

In the case  of a m e m b r a n e  s i tua ted  on a sol id  s u r f a c e ,  we can a s s u m e  that a cons tan t  she a r  s t r e s s  
F, appl ied  e x t e r n a l l y ,  acts  on the f ree  s u r f a c e  of the m e m b r a n e .  Consequen t ly  p 3 v / 0 y  = F for  y = h. 
C l e a r l y  v = 0 and y = 0 also.  These  b o u n d a r y  condi t ions  and the f i r s t  of  Eqs.  (1.1) a re  sa t i s f i ed  by 

2v~ ~- (Op ] Ox - -  pg) (g2 _ 2yh) + 2 F y .  

If the second  equa t ion  of (1.1) is taken into account  we have 

0~L3~t \ox F --  pg = ~ . (1.2) 

It is known [2] that the b o u n d a r y  condi t ion  at the f r ee  s u r f a c e  of a fluid can  co inc ide  with the b o u n d -  
a ry  condi t ion  of a sol id body if s u b s t a n c e s  with s u r f a c e  ac t iv i ty  a re  p r e s e n t .  In what fol lows,  m e m b r a n e s  
with th is  type of b o u n d a r y  condi t ion  a re  r e f e r r e d  to as s t ab i l i zed  m e m b r a n e s .  It is not diff icul t  to obta in  
an equa t ion  s i m i l a r  to (1.2) for a s t ab i l i zed  l aye r ,  if we allow for the fact that the l ayer  su f f e r s  only  s y m -  
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m e t r i c  d e f o r m a t i o n s  r e l a t i v e  to the  c e n t e r ,  b e c a u s e  the  p r e s s u r e  is cons t an t  o v e r  the c r o s s  s e c t i o n  and 

t h e r e  a r e  s u r f a c e - t e n s i o n  f o r c e s  ac t ing .  Th i s  equa t ion  has  the  f o r m  

0 i he (ap )1 ~h (1.3) 

This  equa t ion  is t r e a t e d  in [3] for  the  c a s e  in which  3p /~x  = 0. If it i s  a s s u m e d  that  the  gas  p r e s s u r e  
at the  f r e e  s u r f a c e  is  c o n s t a n t ,  the fo l lowing  e x p r e s s i o n s  m a y  be w r i t t e n  down for  the  p r e s s u r e  ins ide  the 

m e m b r a n e :  

(19 - -  Po)~ = ~ 02h ] Ox2, (P - -  Po)2 ----- ~s ~O~h ] Ox~, (1.4) 

H e r e  a is the  s u r f a c e - t e n s i o n  coe f f i c i en t ;  the  s u b s c r i p t  i r e f e r s  to the m e m b r a n e  on the  so l id  s u r -  
face ;  the  s u b s c r i p t  2 r e f e r s  to a s t a b i l i z e d  m e m b r a n e  having  a b o u n d a r y  with  a gas  only.  

If one of the  equa t i0ns (1 .4 )  is  i n s e r t e d  in (1.2) o r  (1.3) and the  r e s u l t  l i n e a r i z e d ,  the fo l lowing  e q u a -  

t ion  is ob t a ined :  

Oh 04h b Oh 
Ot -- a ~Z4-- O-x" (1.55 

F o r  a n o n s t a b i l i z e d  m e m b r a n e  on a so l id  s u r f a c e  

bl~ -= 3]~ hF -F Pg h~, 3~ta = ~h s. 

F o r  a s t a b i l i z e d  m e m b r a n e  having  a b o u n d a r y  with  a gas  on ly  

4b~ = pgh ~, 24~ta = ~h3 . 

If one of the  b o u n d a r i e s  is a so l id  body  then  the coe f f i c i en t  b r e m a i n s  the  s a m e ,  whi le  the coe f f i c i en t  a is 

doubled .  

2. An Inf in i te  M e m b r a n e .  The Cauchy  p r o b l e m  can be  c o r r e c t l y  f o r m u l a t e d  fo r  equa t ion  (1.55 if a > 0, 
as  can  be  s e e n  f r o m  what  fo l lows .  F o r  a < 0 the  f o r m u l a t i o n  is  i n c o r r e c t .  Since  a > 0 a lways  for  a m e m -  

b r a n e ,  the  p r o b l e m  can  be f o r m u l a t e d  with  the  i n i t i a l  cond i t ion  

h = h ~ ( x  5 for t = 0 , - - ~ < x < - F ~ o .  (2.1) 

A L a p l a c e  t r a n s f o r m  wi th  r e s p e c t  to t i m e  and a F o u r i e r  t r a n s f o r m  wi th  r e s p e c t  to the  s p a c e  c o o r -  

d ina t e  can  be  used  in o r d e r  to s o l v e  Eq. (1.5) wi th  the in i t i a l  cond i t i on  (2.1): 

h(k, p)= Idt I h(x, (2.2) 
0 - - o a  

Equa t ion  (1.5) then  g i v e s  

ph (k, p) - -  h o (k) = - -  (ak ~ -F bik)h (k, p) 

w h e r e  h0(k ) is  the  F o u r i e r  t r a n s f o r m  of the  funct ion h0(x ). The  F o u r i e r  t r a n s f o r m  of  the funct ion  h(x,t) can  

then  be  found e a s i l y :  

ft c-}-ioo 

h(k,  t) = ~-~ f ev~h(k, p )dp  = ho(k)e  -r 
c - -  l o o  

(2.35 

When the i n v e r s e  F o u r i e r  t r a n s f o r m  is t a k e n  and the  convo lu t ion  t h e o r e m  u s e d ,  h can  be  e x p r e s s e d  

in t e r m s  of h 0 wi th  the  help of  the  G r e e n ' s  funct ion:  

~o 

h(x ,  t)---- ! h o ( ~ - - b t ) G ( x - - ~ ,  t)dg (2.4~ 
- - 0 3  
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c o  

1 f ,e~x_a~ldk.  (2.5) G(x, t)=~-~- 
~y 

- - c o  

[t is c l e a r  f r o m  (2.4) that the r e l a x a t i o n  p r o c e s s  in a moving  m e m b r a n e  (b ;~ 0) p r o c e e d s  in the s a m e  
way as in a s t a t i o n a r y  m e m b r a n e  (b = 0). 

In o r d e r  to inves t iga te  the p r o p e r t i e s  of the G r e e n ' s  func t ion  (2.5) it is conven ien t  to in t roduce  the 

p a r a m e t e r  

s = 33/22 -'~r~ ( x 4 / a t )  '/" (2.6) 

The p a r a m e t e r  s ~ 1, if x ~ 2(at) i/a. If s << 1 (for s m a l l  d i s t a n c e s  or  l a rge  t imes )  then we see f r o m  
(2.5) that  the G r e e n ' s  func t ion  d e c r e a s e s  with t i m e  l ike (at) -1/4. 

If s >> 1, then the i n t eg ra l  (2.5) should be eva lua ted  by  the method of s t e e p e s t  de scen t .  It can  be shown 
that the saddle  po in t s  k=  2-2/~el/fi r i ,  k= 2-2/~e 5 / [~-  a re  the highest  on the i n t eg ra t i on  path  r e p r e s e n t e d  by 
the s t r a igh t  l ine I m k  = 2-5/64-3. After  s t r a i g h t f o r w a r d  c a l c u l a t i o n s  we have for  s ~ "r 

(x, t) = 2~/,Vh (~tsl/~)-'/: exp (--s } ]/~) [cos (s --  % ~) + O (s-91. (2.7) 

Consequen t ly  the G r e e n ' s  funct ion (2.5) for the p r o b l e m s  (1.5, 2.1) is an a l t e r n a t i n g  funct ion.  This  is 
its f undamen ta l  qua l i t a t ive  d i f f e rence  f r o m  the G r e e n ' s  funct ion for  the heat conduc t ion  equat ion ,  which is 
monoton ic .  We can  conc lude  that the p ropag a t i on  of an in i t i a l  p e r t u r b a t i o n  th rough the m e m b r a n e  is a lways 
a c c o m p a n i e d  by the p roduc t ion  of waves.  Re laxa t ion  due to c a p i l l a r y  fo rces  has a nonmonoton ie  c h a r a c t e r ,  

i .e . ,  e v e r y  in i t i a l  p e r t u r b a t i o n  of t h i cknes s ,  even  the smoo thes t ,  s u b s e q u e n t l y  gives  r i s e  to t h i c kne s s  o s -  
c i l l a t i ons  of the m e m b r a n e .  

It is c l e a r  f r o m  (2.4)-(2.7) that the c h a r a c t e r i s t i c  r e l a x a t i o n  t i m e  for a m e m b r a n e  with i r r e g u l a r i t i e s  
of d i m e n s i o n  l is ~- = l i l t .  F o r  l a y e r s  which a re  th in  enough this  t ime  can a t ta in  days and even  months .  Fo r  
example ,  it is of the o r d e r  of days when l ~ 0.1 cm,  h ~ 10 -4 cm,  a ~ 102 d y n / c m ,  # ~ 10 -2 g / e r a ,  see.  

It fol lows f r o m  Eqs. (2.4)-(2.7) that p a r t s  of the m e m b r a n e  s i tua ted  at d i s t a nc e s  f a r t h e r  a pa r t  than 
r = (at) / / t  do not inf luence  each  o ther .  If the d i m e n s i o n s  of the m e m b r a n e  a re  much g r e a t e r  than r ,  then 
the re  is no point  in s tudying the m e m b r a n e  as a whole,  and we can  r e s t r i c t  o u r s e l v e s  to t r e a t i n g  the i n d i -  
v idual  p a r t s .  Fo r  a soap bubble  of r a d i u s  1 em,  for example ,  the life t i m e  t ~ 102 sec ,  the wal l  t h i c knes s  
h ~ 10 .4 cm,  for p ~ 10 .2 g / c m .  sec ,  a ~ 102dyn /em,  r ~ 2 . 1 0  -2 cm << 1 cm.  Consequen t ly  when i n v e s t i -  
ga t ing  p r o c e s s e s  tak ing  p l ace  in the m e m b r a n e  the e n t i r e  soap bubble  need not be  t r ea t ed ,  and its su r f ace  
c u r v a t u r e  can  even be neg lec ted .  

C l e a r l y  if the dimensior~s of the m e m b r a n e  a re  much g r e a t e r  than  r ,  then the reg ion  c lose  to the 
b o u n d a r y  of the m e m b r a n e  can  be c o n s i d e r e d  s e p a r a t e l y ,  and the m e m b r a n e  t r e a t e d  as s e m i - i n f i n i t e .  

3. A S e m i - i n f i n i t e  M e m b r a n e .  The so lu t ions  of Eqo (lo5) a re  now c o n s i d e r e d  for b = 0 in  the i n t e r v a l  
(0,~). In addi t ion  to the in i t i a l  condi t ion  

h = h  0(x) for t : 0 ,  0 ~  x ~  zo (3.1) 

t he re  a re  two types  of b o u n d a r y  condi t ions .  The f i r s t  set  of b o u n d a r y  condi t ions  c o r r e s p o n d s  to spec i fy ing  
the m a s s  flux f r o m  the m e m b r a n e  and the angle  of i nc l i na t i on  to the m e m b r a n e  boundary .  The second set  
of b o u n d a r y  condi t ions  c o r r e s p o n d s  to spec i fy ing  the p r e s s u r e  and t h i cknes s .  Boundary  condi t ions  of the 
second type a re  p o s s i b l e  but they a r e  not d i s c u s s e d  here .  Boundary  condi t ions  of the f i r s t  type a re  

03h ] Ox 3 = a(t) ,  Oh [ Ox = ~(t) for x = O (3.2) 

[n o r d e r  to c o n s t r u c t  a so lu t ion  of the p r o b l e m  for these  b o u n d a r y  condi t ions  we can cont inue  the 
in i t i a l  cond i t ion  (3.1) s y m m e t r i c a l l y  about the o r ig in  for x < 0 and apply the Lap lace  and F o u r i e r  t r a n s -  
f o r m s  (2.2). If we then take into account  that d e r i v a t i v e s  of h(x,t) with r e s p e c t  to x a re  d i scon t inuous  at the 
o r ig in ,  as spec i f ied  by (3.2), then the fol lowing f o r m u l a  can  be obta ined  for  t r a n s f o r m i n g  the funct ion h(x,t): 

(p + ak4)h (k, p) = h o (k) -~ 2ac~ (p) - -  2ak2~ (p) 

where  h0(k ) is the F o u r i e r  t r a n s f o r m  of the func t ion  equal  to h0(x ) for x > 0 and h0(-x ) for x < 0. App l i ca -  
t ion  of the i n v e r s e  Lap lace  t r a n s f o r m  to h(k,p) gives  
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t 

h (k, t) : 2a I [a ('~) - -  k~[~ ('~)] e ~ak" !t-4)d'~ + h o (k)  e -a~'t , 
o 

On app ly ing  the  i n v e r s e  F o u r i e r  t r a n s f o r m  we have the so lu t ion  of the  p r o b l e m  with the  b o u n d a r y  
cond i t i ons  (3.2) in the  fo l lowing  f o r m :  

h ( x , t ) ~ ' I  h ~  t ) + G ( x + ~ , t ) ] d ~  
o 

t 

0~G "X 

o 

(3.3) 

H e r e  G(x,t) is  d e t e r m i n e d  by  equa t ion  (2.5).  

Spec i fy ing  the  t h i c k n e s s  and p r e s s u r e  at the  b o u n d a r y  is equ iva l en t  to the fo l lowing  cond i t i ons :  

h = u (t) ,  ~ h  ] Ox 2 - -  7 (t) f o r  x = 0 .  (3.4) 

To so lve  Eq. (1.5) wi th  the  b o u n d a r y  cond i t i ons  (3.1), h0(x ) m u s t  be  con t inued  a s y m m e t r i c a l l y  about 
the  o r i g i n  for  x < 0 in th i s  c a s e .  C a r r y i n g  out c a l c u l a t i o n s  s i m i l a r  to t hose  u sed  to ob ta in  equa t ion  (3.3), 
we can  find a s o l u t i o n  of the  p r o b l e m  wi th  the  b o u n d a r y  cond i t i ons  (3.4) in the  fo l lowing  f o r m :  

h ( x , t ) =  h 0 ( ~ ) [ G ( x - - ~ , t ) - - G ( x - ] - ~ ) t ) ] d ~ ( ~ - 2 a  0 a ( x , t _ T )  l , ( ~ ) _ ~ ( x , t _ l : ) n ( . ~ ) ] d r .  0x 
0 0 

H e r e ,  as  in (3.3), G(x,t) is  de f ined  by  equa t ion  (2.5). 

It is  i n t e r e s t i n g  to  d e t e r m i n e  how p e r t u r b a t i o n s  p r o p a g a t e  away  f r o m  the  b o u n d a r y  of the  m e m b r a n e  
for  s m a l l  t i m e s  o r  l a r g e  d i s t a n c e s ,  i . e . ,  fo r  l a r g e  v a l u e s  of  the p a r a m e t e r  s ,  de f ined  by  (2.6). When the  
me thod  of s t e e p e s t  d e s c e n t s  is  app l i ed  to 0G/0x  we have for  s ~ 

OG ] Ox = V - ~  ( 3 a t ) - V ' e x p  ( -  s / ] /  3 )  [sin s + O (s-l)] , (3.6) 

S i m i l a r  e q u a t i o n s  ean  e a s i l y  be  w r i t t e n  down fo r  O2G/Ox2, O3G/~x 3. It is  i m p o r t a n t  that  t hey  con ta in  
o s c i l l a t i o n s ,  l ike  (3.6). It then  fo l lows  f r o m  (3.3) and (3.5) tha t  p e r t u r b a t i o n s  at the  b o u n d a r y  c a u s e  o s c i l -  
l a t ing  p e r t u r b a t i o n s  in the  m e m b r a n e  at l a r g e  d i s t a n c e s  f r o m  the  b o u n d a r y .  

If ~ = cons t ,  fl = cons t  in the  b o u n d a r y  cond i t i ons  (3.2), then  it fo l lows  f r o m  (3.3) tha t  a d e c r e a s e  in 
t h i c k n e s s  o c c u r s  m o s t  r a p i d l y  at the  b o u n d a r y ,  in a c c o r d a n c e  with the  fo l lowing  law: 

h - -  h o = - -  1/a ~c 1 (a t )  ~/' - -  ~c2 (a t )  '/` 

:~c--A e-z 'dz  ~ 1.8 t, ~c~ z2e-z 'dz ~ 0.60 
4 = - ~ - =  " 

- -co  - -co  

(3.7) 

If a c o n s t a n t  p r e s s u r e  p e r t u r b a t i o n  Ap a c t s  at the  b o u n d a r y  wi th  a cons t an t  t h i c k n e s s  (T = eons t ,  ~ = 
cons t ) ,  then a m a x i m u m  change  in t h i c k n e s s  A h  o c c u r s  at s o m e  po in t  x 0 > 0. On the  b a s i s  of (3.5) 

A h  (xo, t) ~ - -  7 (at)V'-, x o (t) ~ (at)'/, . (3.8) 

A m e m b r a n e  of d i m e n s i o n  l wi l l  b e c o m e  t h i n n e r  in the  b o u n d a r y  r e g ion ,  if x 0 << l fo r  Ah ~ h, i . e . ,  
Ap/2 >> ha,  which  fo l lows  f r o m  (3.8). If the  r e v e r s e  i ne qua l i t y  is  s a t i s f i e d ,  the  m e m b r a n e  wi l l  b e c o m e  

t h i n n e r  in the  c e n t r a l  r e g i o n .  

The  a s s u m p t i o n s  h 2 << wr and h >> Ah, made  in d e r i v i n g  (1 .5) ,wi l l  r e m a i n  va l id  fo r  aT 2 << v and 
T~fat << h on the  b a s i s  of (3.8). F o r  a s t a b i l i z e d  m e m b r a n e  having  a b o u n d a r y  with  a gas  only ,  t h i s  m e a n s  

tha t  

h S ( A p ) ~ 2 4 p v ? v ,  5 p  V ~ 5  V ~ - ~ ,  

The  au tho r  w i s h e s  to t hank  V. G. L e v i e h  fo r  d i s c u s s i o n s .  
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